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1. INTRODUCTION 
In this paper we shall prove the following theorem. 
THEOREM. Let G be a doubly transitive group on the set Q = (1,2, n}. 
If the stabilizer G,,, of points 1 and 2 is isomorphic to a complete Frobe-nius 
group such that the kernel is 2-group, then one of the following holds: 
(1) G has a regular normal subgroup, 
(2) n = 6 and G is A,, 
(3) n=15andGisA,. 
Here A,, denotes the alternating group of degree m. 
In [9] Noda-Yamaki proved Theorem in the case G,,, is isomorphic to 
A, . Therefore we may assume 1 G,,, 1 is greater than 12. 
Let X be a subset of a permutation group. Let F(X) denote the set of all 
fixed points of X and a(X) be the number of points in F(X). No(X) acts on 
F(X). Let xi(X) and x(X) be the kernel of this representation and its image, 
respectively. The other notation is standard. 
2. PRELIMINARIES 
Let G,,, be a complete Frobenius group with kernel K of order 2” and 
complement H. Then K is an elementary abelian 2-group. From now on, 
through this paper, we assume G does not contain a regular normal subgroup. 
Let I be an involution of G with the cycle structure (1, 2). It may be 
assumed that I is contained in No(H) n No(K). Let T be an involution of 
C,(I). Let r fix i points of Sz, say 1, 2, i. By a theorem of Witt [13, 
Theorem 9.41 X(T) is doubly transitive on F(T). 
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Since G is doubly transitive, G = Gr + G,IG, . Let d be the number of 
elements in G,,, inverted by I. Let g(2) and g,(2) denote the number of 
involutions in G and Gr , respectively. Then g(2) = g,(2) + d(n - 1) and 
d is the number of involutions with the cycle structures (1,2). 
Assume n is odd. Let g,*(2) be the number of involutions in Gr which fix 
only the point 1. Then 
gl*(2)n + p(n - I)/i(i - 1) = g,*(2) + y(n - l)/(i - 1) + d(n - l), 
where y = [Gi,z : co(~) n G&J. Thus d > g,*(2) and n = @i - /3 + r)/r, 
where ,f3 = d - g,*(2) is the number of involutions with the cycle structures 
(1, 2), which are conjugate to r. 
Next assume n is even. Let g*(2) be the number of involutions of G which 
fix no point of Q. Then 
g*(2) + p.(n - 1)/i@ - 1) = r(n - I)/(; - 1) + d(n - 1). 
Since G is doubly transitive, g*(2) is a multiple of n - 1. Thus d(n - 1) > 
g*(2) and n = i(@ - ,8 + r)/y, where p = d - g*(2)/(n - 1) is the number 
of involutions with the cycle structures (1, 2), which are conjugate to 7. 
The equality y = 1 H 1 is trivial. (See [6] or [7].) 
Next lemma is trivial. 
LEMMA 1. gi*(2) and g*(2)/(n - 1) are the numbers of involutions with 
the cycle structures (1,2), each of which is not conjugate to 7 for the case n is 
odd and even, respectively. 
LEMMA 2. The following hold: 
(1) ) C,(I)1 = 1 K 1 or m and every involution of C,(I) is conjugate 
to 7 under C,(I). 
(2) Every invoktion of G is conjugate to I or I-r, i.e., G has one or two 
classes of involutions. 
Proof. (1) Assume C,(I) # K. Set r = ((1, H)” 1 7 E K} and L = 
(1, HK). If (1, H)” = (1, H), then H” = Hand 17 = 1. Thus 1 I’ 1 = j K I. 
Since HK is a complete Frobenius group, L is doubly transitive on r. The 
order of the stabilizer of (1, H) and (1, H)T is two. By [6] I r I is a square 
of the number of points in r fixed by I. If (1, H)nt = (1, H)n for an element 
7~ of K, then $7 is contained in No(H) and so is $$. Since $71 is contained 
in K, $71 = 1. Thus I .r I = I CK(1)12 = I K 1. Let 7 be an element of C,(1) 
and h be an element of H with 7 = rh. 7’ = rhl = +I = rh. Thus IhI = h. 
(2) Every involution of G is conjugate to an involution of (1, HK) - HK, 
i.e., an involution of IK. It is conjugate to I or 1~ under C,(I) by (1). This 
proves the lemma. 
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LEMMA 3. If G has one class of involutions, thenp = 1 H 1 1 C’,(I)//1 C,(I)/. 
If G has two classes of involutions, then p = 1 and a(I) = i or /3 = 1 H 1, and 
I = i, and C,(I) = K. 
Proof. By the definition p is the number of involutions in IHK which 
are conjugate to 7. Every involution of IHK is H-conjugate to I or 1~. 
Therefore a(1) = i or @TIT) = i. If C,(1) # K, then I is HK-conjugate to 1~ 
by Lemma 2, and/3 = [HK : C,,(I)] = 1 HK j/i CH(I) C,(I)l. If C,(I) = K, 
then [HK : C,,(l)] = 1 and [HK : C&T)] = 1 H I. This prove the 
lemma. 
LEMMA 4. X(T) contains a regular normal subgroup, or the following hold: 
x(4 = PSL(3,2), i = 7, 
1 K 1 = 16, I W)l = 4, or(HK) = al(K) = 3 
and (I, K) is indecomposable. 
Proof. Since x(~)i,a is an elementary abelian 2-group, by [1] one of the 
followings holds: 
(1) X(T) contains a regular normal subgroup, 
(2) X(T) = PSL(3,2) and i = 7, 
(3) X(T) z PrL(2, 8) and i = 28, 
(4) x(T) z A, and i = 6. 
(i) Case (3) and (4). I x(7)r.s 1 = I K/X,(T)\ = 2. Let 7 be an element 
of K - xi(~). Since ~(7) is isomorphic to X(T) and F(c) nF(rl) = (1, 2} for 
every element [(#l) of xl(T), 1 xl(T)1 = 2. Thus I K I = 4, this is a contra- 
diction. 
(ii) Case (2). x(T)~,~ = K/x1(7) is four group and al(K) = 3. 
Let 7] be an element of K - xl(~). Since ~(7) is isomorphic to X(T) and 
I F(c) nF(q)I = 3 for every element <(#l) of x1(~), / xl(T)1 < 4 and 
8<IK)<16.SetS=(K,I).S is a Sylow 2-subgroup of co(~) and 
S/xl(~) is dihedral of order 8. If I K I = 8, then xl(T) = (T). By Lemma 2 
C,(I) = K and S is abelian, this is a contradiction. Next assume 1 K 1 = 16. 
Since S is nonabelian and ) S/K 1 = 2, it is of exponent 4. Thus S is not 
dihedral, semidihedral or .Z,? 2, . For a central involution 71 of S, S/(7) is 
not abelian since ~(7) and ~(7) are isomorphic. Assume S = S, x S, , 
where Sr is abelian and S, is nonabelian indecomposable. If I S, 1 = 4, 
then S, is quaternion or dihedral. Let 7 be an central involution of S, . 
Then S/(T) is abelian. This is a contradiction. If I S, I = 2, then I S, 1 = 16. 
By [2, p. 1461 S, is isomorphic to one of the following three groups: 
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(4 W(Y) x <z>), I x I = I Y I = I g2 I = 2, P, 4 = 1, 
y” = yx2. 
(b) <G(Y) x b>), I x I = I Y I = 1 z2 I = 2, 1x2 ~1 = 1, 
2” = yx. 
(4 @,Y), 1x1 = IYI =4,Y2=Y-i* 
In the case (a) set 7 = z2, in the case (b) set 7 = y and in the case (c) set 
7 = y2. Then 7 is central and contained in K. S/<7) is abelian, this is a 
contradiction. This completes the proof. 
LEMMA 5. C,(I) # K if every involution is conjugate to r. 
Proof. Assume C,(l) = K. Let 7 be an element of G of order 4. Then 7 
has a transposition in its cycle decomposition. Thus there exists an element 5 
with the cycle structure (1, 2),... which is conjugate to 7. 5 is contained in 
{HK, I). Thus (K, I) contains an element of order 4. This is a contradiction. 
Thus a Sylow 2-subgroup of G is elementary abelian. Since G has one class 
of involutions and \(I, K)j > 8, by [ll] G contains a normal subgroup G 
of odd index which is isomorphic to PSL(2,2”‘) for some m’. By [8] G does 
not have a doubly transitive representation satisfying the conditions in 
Theorem. This completes the proof. 
LEMMA 6. If CK(I) # K, then K has no orbit of length 2. 
Proof. Let {a’, b’} be a K-orbit. Let D be the set of the unordered pairs 
of points in Sz. Then G is transitive on 0 and (I, HK) is the stabilizer of the 
pair {1,2}. By a theorem of Witt [13, Theorem 9.41 No(K) is transitive on 
the pairs which are fixed by K. Thus there exists an element g of No(K) such 
that {1,2}8 = {a’, b’). On the other hand { 1,2}g is contained in F(K). This 
is a contradiction. 
LEMMA 7. Let P be an elementary abelian p-group of order jfor oddprimep. 
Let A be an elementary abelian 2-subgroup of Aut P. If for every element 
[(#I) of A 1 C,([)] = yis, then I C,(A)/ = (I C,(A’)l)li2 for every maximal 
subgroup A’ of A. 
Proof. We proceed by induction on I A I. If 1 A I = 2, the lemma is 
trivial. Set A’ = (7) x A” and A = (c> x A’. By the assumption of 
induction 1 C,((.$, A”)) = (I C,(A”)I)112 for an element [(#l) of <I, 7). 
Thus (5,7) is contained in Aut(C,(A”)). By a theorem of Brauer-Wielandt 
WI I Ci@“h l(C,(412 = I C,(<L A”))1 I CP(<T, A”>)1 I CP(<S~I, A”>b Thus 
I CPPW = I CPW)I. 
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3. THE CASE n IS ODD 
If X(T) contains a regular normal subgroup, then let i be a power of a 
prime p. 
LEMMA 8. ol(HK) is odd if G has two classes of involutions. 
Proof. By Lemma 3 C,(1) = K. Since x(K) is doubly transitive on 
F(K), C,(K)/K is transitive on F(K) and it is a Frobenius group. Thus x(K) 
contains a regular normal subgroup P of odd order. Thus a(HK) = 
I C,WW)l- 
LEMMA 9. g,*(2) = 0. 
Proof. Assume g,*(2) # 0. By Lemma 3 C&IT) = K and by Lemma 8 
a(HK) is odd. Since F(HK)’ = F(HK), ~r((l, HK)) = 1. Let a be the point 
ofF((1, HK)). Every involution of (1, HK) fixes the point a and by Lemma 1 
(I, HK)-HK contains every involution which fixes only the point a. If 
CL(I) = 1, then g,*(2) = 1 and by Z*-theorem [5] G has a regular normal 
subgroup. Thus a(l) = i and IK - {I} is th e set of all involutions each of 
which fixes only the point a. (IK - {I}) = (1, K) is a characteristic subgroup 
of G, . Thus (1, K) is half-transitive on Q - {u}. Since {1,2) is an orbit of 
(1, K), every orbit of (I, K) is of length 2. Let 7 be an element (f7, 1) of K. 
Since ~~(17) = c&) = 1, 77 is contained in xl(~). Thus ] xr(~)l 3 4 and 
(T, 7) has an orbit of length 4, which is a contradiction. This proves the 
lemma. 
By Lemma 9 it may be assumed that every involution is conjugate to 7. 
Thus a Sylow 2-subgroups of C,( 7 is also a Sylow 2-subgroup of G. ) 
LEMMA 10. X(T) contains a regular normal subgroup. 
Proof. Assume x(T) does not contained a regular normal subgroup. 
By Lemma 4 S = (1, K) is a Sylow 2-subgroup of C,(T) of order 32 and of 
exponent 4 which is indecomposable. By [4] G is not simple. Let G’ be a 
minimal normal subgroup of G. Assume [G : G’] is even. Since O(G) = 1, 
[ G’ 1 is even. Since all involutions of G are conjugate and S is generated by 
involutions, S is contained in G’, this is a contradiction. Thus [G : G’] is 
odd. Since G’ is a direct product of minimal normal subgroups of G’ which 
are conjugate and S is indecomposable, G’ must be simple. This contradicts 
[4]. This proves the lemma. 
LEMMA 11. a(T) > a(K). 
Proof. Assume a(T) = a(K). Then x( ) 7 is a complete Frobenius group 
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and hence a Sylow 2-subgroup of x( 7 is cyclic or (generalized) quaternion. ) 
Since x(I) is isomorphic to ~(7) and ol((l, T)) = 1, C,(I) is cyclic and hence 
1 C&)1 = 2. By Lemma 2 and Lemma 5 / K 1 = 4, this is a contradiction. 
LEMMA 12. K has an orbit of length 2. 
Proof. Let K’ be a maximal subgroup of K. Let P be a Sylow p-subgroup 
of co(~). Then we may consider K/x1( 7 is a subgroup of Aut(Px,(7)/x,(T)) ) 
since X(T) contains a regular normal subgroup. By [l] and Lemma 11 K/x1(7) 
and Pxi(~)/xi(~) satisfy the conditions in Lemma 7. By this lemma u(K) < 
ol(K’). This proves the lemma. 
Since C,(I) # K by Lemma 5, Lemma 12 contradicts Lemma 6. 
4. THE CASE n IS EVEN 
By Lemma 4 X(T) contains a regular normal subgroup. By [l] x(T) is either 
(1) a group of semilinear transformations over GF(q), q even, or (2) 
PSL(2, q)V, where V is a 2-dimensional vector space over GF(q). 
Case (I). a(~) = a(K). Sylow 2-subgroups of G1 are independent. 
By [lo] Gi contains a normal subgroup G,’ of odd index such that G,‘/O(G,) 
is isomorphic to PSL(2,29 and O(G,) . is contained in Z(G,). By the Frattini 
argument Gi = Gl’NGI(K). Since 
1 N,;(K)1 = 2m(2m - 1) 1 O(G,)l, 1 Gl 1 = 1 PSL(2,2”)1 (i - 1) 
and 
[Gl: NC,(K)] = 2” + 1 = (Pi + I H 1)/l H I 
Thus pi/l H I = 2”. By Lemma 2 and Lemma 3 /3 = 1 H 1, ~(1) = 0, 
g*(2) = n - 1 and i = 2”. 
LEMMA 13. O(G,) # 1. 
Proof. Assume O(G,) = 1. Then Gi is a subgroup of PL(2, 29. 
[Gi : G,‘] = i - 1 is a factor of m. Thus m = 1, which is a contradiction. 
Let S be a Sylow 2-subgroup of C,(T). Since (I, K) is abelian, so is S. 
Set H’ = H r\ x1(K). 
LEMMA 14. S is normal in N,(K). 
Proof. Let P be a Sylow subgroup of H’. By the Frattini argument 
N,(P) n N,(K) acts doubly transitively on F(T). Since O(G,) # 1, 
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C,(P) n N,(K) acts transitively on F(T). N,(P) n N,(K)/&(P) n N,(K) 
is of odd order. By the Burnside’s Theorem S is normal in N,(K). 
LEMMA 15. Every involution of S which is conjugate to 7 is already 
conjugate to 7 in No(S). 
Proof. Let 7’ = 7~ be an element of S. T = 7’9 -I is contained in S n Sg-‘. 
Since S is abelian, g is contained in NG(S) by Lemma 14. 
COROLLARY 16. 1 NG(S)I = i2(i - 1) 1 KH I. 
Proof. Since a(l) = 0 and g*(2) = n - 1, the number of involutions 
in S which are conjugate to I is i - 1. Since S is normal in N,(K) by Lemma 
14, Lemma 15 follows the Corollary. 
LEMMA 17. Let g be an element of G. Then Sg n S = 1 or S. 
Proof. Let 7’ be an element of ,!P n S which is conjugate to 7. Then Sg 
and S is contained in C,(T’). Thus g is contained in Nc(S). By Corollary 16 
the next relation is obtained: 
g*(2) = n - 1 < (i - l)[G : Nc(S)] = n - 1. 
Thus if Sg n S has an involution which conjugate to I, then Sg = S. This 
completes the proof. 
LEMMA 18. Let 7 and 5 be different invoktions. If “(7) = a([) = 0, then 
&5) = 0. 
Proof. Let a be a point of F(T~). Let (a, b), and (b, c), be the cycle 
structures of 7 and 5, respectively. Then a = c. Since g*(2) = n - 1, 
7 = 5. 
COROLLARY 19. A set S, consisting of all involutions of S which are 
conjugate to I and identity element is a characteristic subgroup of S. In 
particular NG(S,) contains No(S). 
LEMMA 20. Every involution of N,(S) which is conjugate to 7 is contained 
in S. 
Proof. Let + = 7’ be an element of No(S). Then there exists an element 
5 of S with 5” = 5. Thus 5 is contained in S n Sg by Lemma 14. By 
Lemma 17 7’ is an element of S. 
LEMMA 21. Let q be an involution which is not contained in S. If a(~) = 0, 
then al(y) = 0 and 1 TV 1 is a power of two. 
168 HIROSHI KIMURA 
Proof. Assume 01(q) # 0. Let a be a point of F(q). Let (a, b),... and 
(b, c), be the cycle structures of 7 and 7, respectively. Then a = c and 
TT = (a, b). Since g*(2) = 11 - 1, ~71~ = 7 and hence 01(~7) = 0. Set 
1~77 [ = pq, where p is odd p rime. If a((Tv)Q) = 1, then ~~(77) = 1. Thus 
01((v)*) > 2 and p is a factor of 1 H I. Since ((~?)a, T> is dihedral. 
a(<(V)‘, 7)) d 1. Hence ((qjg, T> is conjugate to subgroup of (1, HK). 
Since I is contained in C,(H), this is impossible. This proves the lemma. 
LEMMA 22. Let 7 be an involution which is not conjugate to T. Then 7 is 
contained in NG(S). 
Proof. Assume 7 is not contained in S. By Lemma 21 (7,~) is dihedral 
of order 2r+r with r > 1. Set 
.rn 
c(S) = T(TTj)2a = 7” S. 
Then ((r - 1) is contained in co(T) and hence it is contained in S. Since 
[(r - 1) = Tf;+‘), [(r - 2) is contained in No(S) by Lemma 17. By 
Lemma 20 it is contained in S. Continuing in the similar way it can be 
proved that c(l) = 7” is contained in S. Again by Lemma 17 7 is contained 
in No(S). 
By Lemma 17 and Corollary 19 there exist just i + 1 subgroups S, ,..., Si+r 
which are conjugate and S, n S, = 1 for s = t. By Lemma 22 S, u ... u 
S,+r = N is a group. Thus N is a regular normal subgroup of G. This is a 
contradiction. 
case (II). a(T) > a(K). 
LEMMA 23. X(T) = PSL(2, q)v. 
Proof. Assume X(T) is a group of semilinear transformations. ~(7)~~~ is 
cyclic. Therefore 1 K/xl(T)1 = 1 or 2. By the case (I) [ K/&(T)\ = 2. Let 7 
be an elements of K - xl(T). Since xl(T) n xi(q) = 1 and X(T) is isomorphic 
to X(T), 1 xl(~)/ = 2 and 1 K 1 = 4. This is a contradiction. 
LEMMA 24. 1 K I # 8. 
Proof. Assume / K / = 8. By Lemma 2 C,(I) = K and C,(1) = H. 
By Lemma 3 and Lemma 5 G has two classes of involutions and /3 = 1 or 7. 
SinceX(T)l = PSL(2,4), i = I V I = 16. Sincen = i@(i - 1) + I H /)/I H I, 
p = 7 and la = 162. Thus H is a Sylow 7-subgroup of G. By the Witt’s 
Theorem 1 N,(H)1 = j(j - 1) I H j, where j = a(H). j - 1 must be a 
factor of n - 1 = 3 . 5 . 17 and n - j must be divisible by 7. j = 4 or 18. 
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Since N,(H)/H is complete Frobenius group on F(H), j = 4. Let P be a 
Sylow 17-subgroup of Gr . Then N,(P) is contained in Gr and [Gr : N,(P)] 
is a multiple of 4 * 7 and a factor of 8 * 7 - 15. This contradicts the theorem 
of Sylow. This complete the proof. 
Since x(4 = PfW, 4, CCQ( 7 is nonsolvable. Since Gr has one class of ) 
involutions, so is G,/O(G,). By [ll] Gr has a normal subgroup G,’ of odd 
index such that G,‘/O(G,) is isomorphic to PSL(2,2”). Thus CG1(7) is 
solvable, which is a contradiction. 
Thus the proof of Theorem is complete. 
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